Tail risk arises at multiple stages in the investment management process -from the high level asset allocation decision down to the individual portfolio manager's process for selecting securities. We believe that conventional practices followed in these investment decision processes, largely ignore intra-horizon risk. We believe this leads to sub-optimal assessment of risk of assets, particularly in the context of potential tail risk, and leads to the construction of portfolios, which are not in sync with the risk aversion of the client.
Introduction
Generically, the full investment management process can be articulated in the following steps:
• An asset owner or allocator, based on his return requirement and risk tolerance, performs an asset allocation to allocate assets into various asset class silos.
• Various strategies or managers are selected to fulfill the allocation in each silo.
• The portfolio manager of each strategy invests the assets into market securities.
We examine these steps with a focus on the generation, specification and management of tail risk, and try to identify methods with which the tail risk can be managed within specified limits. Specifically, we focus on the asset allocation decision in step 1, and the security selection decision in step 3.
The asset allocation decision is of interest as this decision is done with low breadth, and the drawdown caused by asset class movements is the primary cause of asset liability funding gaps at asset owners. Gupta and Skallsjo (2013) detail a new framework for plan sponsor asset allocation decisions, which can mitigate tail risk in plan sponsor portfolios. The security selection decision is of interest as that is the ground level where tail risk management can perhaps be implemented.
The remainder of the paper is organized as follows. Section 2 discusses the basic practical setting of how assets are managed. With this as motivation we propose in Section 3 a new risk measure, which we believe captures the true risk in managing portfolios, incorporating both end-of-horizon and intra-horizon risk. Section 4 presents an extension of the standard model, where it is assumed that the mean return is not known with certainty. Although this is an uncertainty aspect with long and extensive history in the literature, its implications for risk in a dynamic context appears to be limited. Finally in Section 5 we study the related subject of stop losses and how they can be used to improve performance when model parameters are not known with certainty.
2a. Portfolio Management -the Practical Setting
Consider the case of an active equity portfolio manager investing in securities of, say, the S&P500 index, with the objective of beating the stock benchmark. In order to achieve this aim, he uses his judgment combined with various fundamental or quantitative techniques, to arrive at those stocks which he believes are likely to have a higher target price after a certain time period. He constructs a portfolio of these stocks, with the aim of achieving his target return objective for the fund, while seeking never to have a large enough loss at any time, where his client (the asset owner) would lose faith in the investment process and withdraw the assets.
In essence, two external parameters are given to the portfolio manager -a return target and a maximum drawdown threshold that the client is prepared to tolerate, breaching which would impose a stop loss decision. The risk that the portfolio manager takes is that the stop loss is breached intra-horizon or that the return target is not met at the end of the horizon.
Parameters inherent in the setting are the stock universe and the long term Sharpe ratio of the manager.
The controls which are in the hands of the portfolio manager are the number of stocks he selects in the portfolio, their volatilities and correlations, and the investment horizon over which the manager makes a price forecast for each stock.
Conceptually, uncertainty in all of these controls as well as the inherent parameters represent sources of risk in the final portfolio. While this is a very standard situation in asset management, in practice portfolio managers seldom use the investment horizon as a parameter, nor do they specifically incorporate the management of intra-horizon risk in their portfolio management process.
2b. Asset Allocation -the Practical Setting
The setting for the asset allocation decision is the same as that for security selection, where the assets are asset classes rather than individual securities. Here again a return target is usually specified along with an intra-horizon drawdown threshold. However, when constructing the allocation these constraints are often not fully incorporated. Instead, a common approach is to make an assessment of what long run Sharpe ratio is attainable using the main asset classes. The risk exposure is then calibrated to align the portfolio's expected return with the specified target return. This is an approach which completely ignores intrahorizon risk. The portfolio might achieve its target return in expectation, but does so at a certain risk of breaching the intra-horizon drawdown threshold. In case this occurs, the portfolio is terminated with the immediate consequence that the return target is not achieved. Should intra-horizon risk be incorporated into the initial allocation decision, it could lead to a different allocation. In fact, a more appropriate allocation design could be to ask what expected return is feasible subject to a constraint that the probability of breach does not exceed some pre-specified value.
We therefore seek to develop a model which incorporates both end of horizon and intra-horizon risk, and where we are able to define the control parameters to meet the requirements of the asset owner. Specifically, given a target return and a maximal loss acceptance intra-horizon for both the asset allocation and stock selection decision, we seek to decide:
1. the investment horizon that would be permissible in each of the investment decisions, 2. the skill level required by the portfolio manager or asset allocator, which would enable him to meet the target return without breaching the intra-horizon threshold, 3. the stop loss policy which would be consistent with the investment process being deployed, 4. the relative skill in different segments of the portfolio (or portfolio managers), given that the stock universes are different. Another factor which is a determinant of tail risk is the amount of leverage used. We assume however an unleveraged portfolio, and further assume that the manager responsible for investment decisions has positive skill, though this can vary over time. Finally, tail risk can also be a function of an exogenous shock, creating event risk. Gupta et al. (2006) discuss the management of this risk in portfolios, and we will omit this also from our discussion here.
As a starting point, we first define a risk measure, which incorporates both intra and end-of-horizon risk.
Creating a real risk measure : End-of-horizon vs intra-horizon risk
In either of our previously defined settings, a straightforward definition of risk is the probability that either condition is violated, which effectively comes to formulate risk as a function of two variables, endof-horizon performance and intra-horizon loss.
Setting focus on these two sources or risk, we introduce the two variables and defined as
where is the value of the portfolio at time . Here is simply a normalization of the portfolio, where expressing it as the logarithm of the portfolio somewhat simplifies the exposition. The variable represents our notion of intra-horizon loss -the minimal value that assumes intra-horizon. With regards to intra-horizon risk we thus focus on loss since inception. While the literature on intra-horizon risk pays significant attention to peak to trough maximum drawdown and variants thereof, in our setting we believe loss since inception is more relevant.
With the two risk variables developed, Definition 3.1 gives a formal definition of the risk measure. Note that this makes no use of volatility. Volatility is a means by which risk can be controlled, and often the investment manager is also subjected to a constraint that volatility does not exceed a certain level. However, the risk that is under the investment manager's responsibility is that of breaching the intrahorizon or end-of-horizon threshold.
Definition 3.1
For a portfolio and an investment horizon 0 ≤ ≤ , let and be as in (3.1). Also, let be the endof-horizon target return and let be the intra-horizon drawdown threshold, both expressed with reference to the logarithm of 0 ⁄ . The tail risk of is denoted and is given by
A convenient representation of is obtained by breaking it up in two components corresponding to intrahorizon and end-of-horizon risk. Intra-horizon risk is the probability of breaching at some point before regardless of end-of-horizon performance, and it is given by ( , ). End-of-horizon risk is the risk of being below at the end of the horizon while not breaching at any point prior to that. This results in a decomposition of the risk measure according to
where
In the special case that only intra-horizon risk matters, (3.2) can be applied with = since this ensures = 0. In the opposite extreme case that risk is only a function of end-of horizon performance, (3.2) can be applied letting → −∞. The risk decomposition is illustrated in Figure 3 .1, where the straight dotted line represents the portfolio's target performance. The solid line portfolio path exemplifies an intrahorizon breach, while the circled line is an example of end of horizon shortfall. To examine how behaves under standard assumptions about asset prices we derive explicitly a formula in the case that the portfolio follows a geometric Brownian motion with drift. Suppose therefore that the portfolio evolves according to
with the initial portfolio value 0 = 1. Here is a standard Brownian motion starting at zero, the drift term is the annualized expected return over the investment horizon and the annualized volatility. Log-performance Theorem 3.1 Suppose that the portfolio evolves according to (3.3). Fix and investment horizon 0 ≤ ≤ and let and be as in (3.1). Then, for any , with ≤ 0 and ≥ the tail risk is given by Parameters are selected to exemplify a pension fund with a 60/40 equity-fixed income allocation, which typically results in a total volatility around 10%. Assuming a Sharpe ratio of 0.3 and a risk free rate of zero this implies a of 3%. We investigate an end-of-horizon threshold of -10% and an intra-horizon drawdown tolerance of 20%, thus setting = −20%. The figure demonstrates a hump shaped form for end-of-horizon risk . Initially the risk goes up simply as a result of volatility in the asset price process. However, due to a positive mean return the probability of ending below a given threshold diminishes over longer horizons. In contrast, intra-horizon risk increases monotonically with the time. At the five year horizon, although the fund shows a mere 3% risk of being below -10%, the risk of having breached -20% in the meantime is 21%.
1 As the time horizon increases further, intra-horizon risk continues to go up and end-of-horizon risk continues to go down. In the current example total risk levels out at around 37%, all resulting from intra-horizon risk.
The importance of intra-horizon risk addresses the first point listed in section 2b. In the presence of a tangible maximum intra-horizon drawdown threshold, it is not in the interest of the asset owner to have a long term investment horizon, as such a stance would inordinately increase the probability intra-horizon of breaching a tolerable threshold, thus leading to closure or demise. This is in sharp contrast to the currently accepted practice followed at most pension plans and sovereign wealth funds, where a long term investment horizon is standard procedure.
1 Note that the 3% probability of being below -10% is while not having touched the intra-horizon threshold in the meantime. At the five year horizon the probability of being below -10% regardless of intra-horizon drawdowns is 16%, thus making the difference less striking but still significant. Note also that the difference accentuates for higher . 
Model uncertainty
In a practical scenario, while an asset manager makes an assessment of the assets' expected returns, and constructs an allocation or portfolio to maximize the portfolio expected return subject to certain constraints, the manager acknowledges the possibility that the assessments about the expected returns may be wrong. We therefore investigate an extension of the standard model incorporating this facet, which we find has important consequences for the risk measure that we have developed.
Parameter uncertainty is of course only one of the possible extensions of the model (3.3) which has implications for intra-horizon risk. Other directions which have been investigated in the literature include non-normal return distributions, event risk, time-varying volatility, autocorrelation in returns. These are all extensions with implications for the tail risk. Our choice to investigate uncertainty about the mean return is not to discount the relevance of other factors, but it is something which we find has some important consequences.
Keeping the assumption that the portfolio is governed by (3.3), we assume that the drift term is a draw from a distribution of drift terms which is normal according to
Here ̅ represents the manager's expectation of the portfolio return, while the presence of other possible return drivers contribute with a standard deviation about the mean.
The model is in fact well-established, dating back to the Black and Litterman (1992) framework for portfolio allocation. We believe however that its implications for intra-horizon risk has not been well investigated. The literature on asset returns and parameter uncertainty also extends well beyond Black and Litterman, and it appeared a subject of investigation already in Zellner and Chetty (1965) . Following a large amount of related research Avramov and Zhou (2010) provided a literature overview of parameter uncertainty in the context of portfolio analysis.
Of particular interest to the asset allocation problem is Pastor and Stambaugh's (2009) investigation of the statistical properties of stock market returns over various horizons from the view of an investor having imperfect knowledge of the mean return. Their paper reverses some previous findings that stock market volatility tends to decrease with the investment horizon. Instead they find that uncertainty about the mean return causes the return distribution to broaden faster than the square root of time over longer investment horizons. The mechanism driving their finding is the same as in the model presented here, even though our model is more reduced.
An important implication of the above setup is that the standard deviation about the log-price at a future date is given by
This shows that while the risk contribution of regular price volatility grows with the square root of time, the impact of parameter uncertainty is linear in time. Thus, regular price volatility remains the primary contributor to risk in the short run, but for longer horizons, parameter uncertainty takes over and dominates.
The difference in time dependency points to an interesting difference when comparing with one period models, since this easily misses a relevant aspect of parameter uncertainty. If the investment horizon is fixed at say one year, then in the above model the expected change in the log-stock price is normal with mean ̅ and variance 2 + 2 . This implies that when it comes to the assessment of risk it matters little whether the uncertainty is the result of regular price volatility or parameter uncertainty. However, in a multi-period setting the difference is important since regular price risk propagates with the square root of time while risk related to parameter uncertainty grows linearly with time.
The observation in turn has implications for optimal allocation. In the Black-Litterman model the portfolio optimization problem can be reformulated in a standard Markowitz form, only that the covariance matrix is replaced with one that is the sum of two matrices, one coming from regular price volatility and one coming from uncertainty about the mean. However, when risk is also a function of intra-horizon drawdowns this approach is no longer feasible. It matters where risk comes from. Theorem 4.1 gives an analytical expression for the risk measure taking uncertainty about the mean return into account, thus providing a generalization of Theorem 3.1.
Theorem 4.1
Given assumptions as in Theorem 3.1, assume in addition that the mean return is a random variable as specified by (4.1). Then for any , with ≤ 0 and ≥ it holds that It is evident that apart from an increase in time horizon, with a greater level of uncertainty in the mean return there is also an increase in intra-horizon and total risk. For example, at an uncertainty level of 10%, the intra-horizon risk more than triples, as the horizon goes from 1 to 3 years. Similarly, for a horizon of 2 years the intra-horizon risk doubles, as the uncertainty level goes from 2% to 9%. In Figures 4.3a and b the risk levels are kept fixed and the intra-horizon threshold is given as a function of the investment horizon. For example, Figure 4 .3a shows that at the three year horizon an intra-horizon risk threshold of -15% is breached with a 30% probability. In Figure 4 .3b note that the line corresponding to = 10% approaches −∞ at an investment horizon approximately equal to nine months. This is where the probability of breaching the end-of-horizon threshold exceeds 10%.
Figure 4.3a: Iso-intra-horizon risk lines, for various Figure 4.3b: Iso-total risk lines for various intra-horizon threshold and horizon (0, ). intra-horizon threshold and horizon (0, ).
Settings: End-of-horizon threshold = −10%, volatility = 10%, expected return = 3%, uncertainty about the mean = 5%.
We note that if an asset owner specifies that he does not want more than a 10% probability of breaching a maximum intra-horizon drawdown threshold of say 15%, then he cannot have an investment horizon of more than 11 months. Having an investment horizon longer than this would mean that he has a higher risk of breaching his intra-horizon risk level. This therefore means that the mere definition of an intra-horizon risk tolerance by an asset owner automatically implies a maximum investment horizon for his investment process. This facet is rarely seen either in asset allocation or portfolio management processes. 
Stop-losses
When the risk is defined in terms of end of horizon and intra-horizon performance the question arises as to how risk exposure should optimally be managed over time. By applying a dynamic rebalancing rule it is often possible to reduce the probability of shortfall, as studied in e.g. Grossman and Zhou (1993) , Carpenter (2000) or Gupta and Skallsjo (2007) . Common for these approaches is that portfolio risk exposure is gradually reduced as performance approaches the lower threshold. In practice a common method is to apply a stop loss, which simply cuts risk exposure before the lower bound is breached.
When assets' mean returns are not known with certainty stop losses have the additional benefit that they can be used as a screening device for positive mean returns. If a stop loss is breached, it is more likely to have been generated by a process with a low mean return. By consistently exiting these investments -and replacing them with other with similar initial evaluation -the portfolio can be managed to maintain a higher mean return on average.
To study this mechanism we propose in this section a simplified model where a portfolio manager is invested in only one stock at the time. Each stock purchase is subjected to a maximum holding period and a stop-loss level, and together these two parameters determine how the portfolio is managed over time.
The maximum holding period is primarily determined by the investment manager's style -i.e. the method which the portfolio manager uses to estimate expected returns and it is therefore less at the manager's control. The stop loss on the other hand can be set at the manager's discretion to optimize performance over time.
It should be noted that a stop loss need not be the optimal screening mechanism in the given context, and it might for instance be that a time-varying boundary actually proves more efficient for filtering out high returns. However, this is a topic abstracted from in the current paper. A stop loss set as a maximally accepted price fall is something which is frequently applied in practice and we stay with this convention.
We assume that each stock that the manager selects to include in the portfolio follows a process as in (3.3) where -from the view of the investment manager -the mean return is uncertain as in (4.1). When a stock reaches either its maximum holding period or its prescribed stop loss it is immediately replaced with a new stock with similar volatility and with its mean return picked from the same distribution for the mean, independent of previous stocks. Replacing the stock involves selling the old and buying the new, each of which is assumed to incur a relative transaction cost of 1 − exp(− ) for a ≥ 0. For the new stock the investment horizon and stop loss are reset similarly to what was initially prescribed for the first stock. The process is repeated indefinitely. An illustration is given in Figure 5 .1. In this manner the portfolio evolves similarly to the standard model (3.3) except that every time a boundary is breached the process makes a jump downward as a result of the transaction cost after which its mean return changes. An analytical representation of the distribution function for the value of the portfolio at a given point in time does not appear tractable, and for the analysis we instead resort to a statistical moment ( ) defined as
where we use and to refer to the portfolio. We similarly use and to refer to the stock first purchased into the portfolio and define the moment ( ) accordingly.
For the derivation of the portfolio moment we initially assume that the mean return is known with certainty, i.e. that = 0. The simplifying assumption also allows us to derive a representation of the portfolio moments from which it is possible to calculate moments for the more general case > 0, at least numerically. The main result is given in Theorem 5.1.
Theorem 5.1
Suppose that = ̅ and = 0. Then ( ) satisfies the relation Applying the theorem requires calculating ( ) and ℛ, something which is deferred to Lemma 5.1. Although the exposition is notation heavy, calculations involve at most the normal distribution function, which allows for a straightforward implementation.
Lemma 5.1
Suppose that = ̅ and = 0.
The moment for the stock is given by ( ) = log .
(ii) The quantity ℛ can be written as
(iii) The quantities and are given by
In Theorem 5.1, for the special case that = 0 it is readily verified that setting ( ) = ( ) satisfies the relation. This affirms the intuitive reasoning that when the mean return is known with certainty stop losses are inconsequential and do not improve portfolio performance. Moreover, if transaction costs are positive and ℛ is strictly between zero and one, then it must hold that ( ) < ( ), which says that performance deteriorates as a result of transaction costs.
The idea of Theorem 5.1 is that when the mean return is uncertain, all the relations hold in expectation, where the expectation is taken over the possible values of . We then have
where subscript ′ ′ denotes that the expectation is taken over the possible values of . This gives the portfolio moment as
.
Calculating the expectations involves some non-trivial integrals and in the application we apply a numerical integration routine, described in Appendix B.
A numerical example is presented in Figure 5 .2, which gives the expected log-return as a function of the stop loss level. The different lines correspond to different transaction costs. It is clear from the figure that when the stop loss is set too tight the expected performance deteriorates rapidly. However, appropriately managed stop losses always improve expected performance. For higher transaction costs, the optimal stop loss is located further away from zero but it is still beneficial in terms of expected performance. Figure 5 .3 gives the expected performance as a function of the uncertainty about the mean. As uncertainty about the mean increases the stop loss becomes more efficient for screening processes with a higher mean return, which explains in the positive relationship seen in the figure. In Figure 5 .4 expected performance is given as a function of the investment horizon. A longer investment horizon implies less frequent rebalancing and consequently less transaction costs, again resulting in a positive relationship.
Lastly, Figure 5 .5 gives the optimal stop loss for different levels of uncertainty about the mean. Note the accelerating improvement in expected performance as uncertainty about the mean goes up. When uncertainty about the mean is higher it is better to close out strategies earlier, i.e. apply a tighter stop loss. We close this section with an example how stop losses might be applied in a portfolio management setting. Table 5 .1 lists six hypothetical trading strategies corresponding to a long, medium and short investment horizon, and with high and low uncertainties about the mean return. 2 The optimal stop loss corresponding to different transaction costs is given to the right in the table. For the long term investment strategies, note how higher mean uncertainty implies a tighter stop loss, as was also illustrated in Figure 5 .5. Comparing the long and medium term uncertain strategies we also see that the long term strategy applies a tighter stop loss. This results as the potential benefit of throwing out a bad strategy is more limited for the medium term strategy, since the position will be exited sooner. 
Conclusions
In this paper we have reexamined the risk inherent in some typical settings within asset management. Focus has been on the asset allocation decision at one end of the investment management process and on individual stock selection strategies at the other. In both cases an investment mandate is issued together with an end of horizon return requirement and an intra-horizon drawdown tolerance. Naturally, the investment manager is expected to maximize expected performance subject to these requirements, but the risk inherent in the setting is that either of the constraints is breached. Given this background we have proposed a new risk measure defined as the probability that an investment strategy falls short of either its end of horizon performance target or its maximally accepted drawdown intra-horizon. In the paper this is exemplified with a standard model for asset prices where it was found that as the investment horizon lengthens the intra-horizon threshold gains in importance, an aspect we argue is often ignored.
Extending the analysis we have investigated how uncertainty about assets' expected returns affect the risk over time. We found that especially over longer horizon uncertainty about the mean can have a significant impact on the distribution of returns.
The paper's last section examined how stop losses can be beneficial for managing a portfolio when stocks' mean returns are not known with certainty. By applying a stop loss the manager can to a certain extent screen stocks with a higher expected return, which on average improves portfolio performance.
Important tasks for future research involve how to construct a portfolio subject to a risk constraint as defined as in the current paper. Of particular interest is the case where the assets' expected returns are not known with certainty.
In the former expectation, factoring out − ( ∧ ) we can write
We here use ∧ to denote the value of the portfolio immediately before the old stock is sold and the new one is acquired. Using iterated expectations conditioning on information up to ∧ shows that
where ℛ = � − ( ∧ ) �. The latter equality makes use of the fact that for < ∧ it holds that = . Turning to the term (0, ∧ ) in (A1) we again make use of this fact, which allows us to write (ii) The quantity ℛ can be written as
as asserted in the main text.
(iii) For the result is a direct application of Theorem 3.1. The calculation of is presented below.
Calculation of
For the calculation of = [ − ; ≤ ] we apply a change of a measure. Let ℱ be the filtration generated by up until time and consider the measure change
on ℱ , where is a constant to be determined. Writing as an expectation under ℚ we then have
Because −1 is a ℚ -martingale we can apply iterated expectations to obtain
Further, the fact that at the time of intercept = + = allows us to write
Selecting as �− log + log, �⁄ with log, = � log 2 + 2 2 the quadratic expression vanishes and
where the breaching probability ℚ ( ≤ ) is given by Theorem 3.1. Note that under ℚ , the drift of is log + = log, . Inserting results gives as in the main text.
Appendix B. Numerical integration for the expected values
The expected values are on the form Using the exponential term as weight function leads to Gauss-Hermite quadrature, which we apply with 10 abscissas. Numerical evaluation and comparison with other integration methods indicate good convergence. STU 1 month 5% 30% -5.4% -8.3% -13.4% -0.5% -3.6% -8.8% -1.9% -4.2% -9.0% Table C1 Extended version of 
Appendix C. Optimal stop-losses for six investment strategies

